This paper investigates the relationship between topology and generalized rough sets induced by binary relations. Some known results regarding the relation based rough sets are reviewed, and some new results are given. Particularly, the relationship between different topologies corresponding to the same rough set model is examined. These generalized rough sets are induced by inverse serial relations, reflexive relations and pre-order relations, respectively. We point that inverse serial relations are weakest relations which can induce topological spaces, and that different relation based generalized rough set models will induce different topological spaces. We proved that two known topologies corresponding to reflexive relation based rough set model given recently are different, and gave a condition under which the both are the same topology.
Introduction
In past several years, rough set theory (see [15] , or [25] ) has developed significantly due to its wide applications. Various generalized rough set models have been established and their properties or structures have been investigated intensively (see [36, 37] , or [35, [20] [21] [22] [23] 11] ).
An interesting and natural research topic in rough set theory is to study rough set theory via topology. Indeed, Polkowski [25] pointed: ''topological aspects of rough set theory were recognized early in the framework of topology of partitions". Skowron [29] and Wiweger [34] separately discussed this topic for classical rough set theory in 1988. Polkowski [24] constructed and characterized topological spaces from rough sets based on information systems. Pawlak [15] and Polkowski [25] summarized related work respectively. Kortelainen [8] considered relationships between modified sets, topological spaces and rough sets based on a pre-order (also see [5] ). Lin [12] continued to discuss this topic, and established a connection between fuzzy rough sets and topology. Furthermore, using topology and neighborhood systems Lin [13] established a model for granular computing. Some authors discussed relationships between generalized rough sets and topology from different viewpoints. Skowron et al. [30, 31] generalized the classical approximation spaces to tolerance approximation spaces, and discussed the problems of attribute reduction in these spaces. Other papers on this topic we refer to [1, 10, 7, 14, 3, 21] . In addition, connections between fuzzy rough set theory and fuzzy topology were also investigated (see [26, 32, 11] ).
However, there are some problems still remain to be solved. For example, the relations between various generalized rough sets and topology need to be cleared. In the literatures, topologies with different forms are proposed corresponding to the same class of relation based rough sets. For example, reflexive relation based rough set model (see [7, 3] ). Are these topologies the same topology? In this paper, we investigate systematically relations between several classes of generalized rough sets and topology. These generalized rough sets are induced by inverse serial relations, reflexive relations, similarity 0888-613X/$ -see front matter Ó 2010 Elsevier Inc. All rights reserved. doi:10.1016/j.ijar.2010.07.010
Preliminaries
In this section, we shall briefly review basic concepts and results of the relation based rough sets and topology in two separate subsections. For more details, we refer to [6, [15] [16] [17] [18] [19] 27, 36, 37] .
Relation based generalized rough sets
In this paper, we always assume that U is a finite universe, i.e., a non-empty finite set of objects, R is a binary relation on U, i.e., a subset of
R is called a pre-order (relation) if R is both reflexive and transitive; R is called a similarity (or, tolerance) relation if R is both reflexive and symmetric; R is called an equivalence relation if R is reflexive, symmetric and transitive. Moreover, if a relation Q on U is the smallest relation containing R with some property (P), then we say that Q is the (P)-closure of R. Thus the terminologies such as ''reflexive closure", ''transitive closure", ''symmetric closure", ''similarity closure" and ''pre-order closure" are self-evident. 
There exist two main methods to study rough set theory: the constructive method and the axiomatic method [37] . By using constructive method, Pawlak proposed the classical rough set theory based on an approximation space (U, R), where R is an equivalence relation on U (see [15] , or [25] ). This theory has become an effective tool in managing uncertainty contained in information systems. Many authors generalized Pawlak's models to more general setting. These work extended the applications of rough set theory. A class of natural generalizations based on general binary relations (where the relations are not necessarily equivalence relations) have been proposed.
Definition 1 [37] . Let R be a binary relation on U. The ordered pair (U, R) ia called a (generalized) approximation space based on the relation R. For X # U, the lower and upper approximations of X are respectively defined as follows: apr R ðXÞ ¼ fx 2 UjR s ðxÞ # Xg; apr R ðXÞ ¼ fx 2 UjR s ðxÞ \ X -;g:
For X # U, the pair ðapr R ðXÞ; apr R ðXÞÞ is called a relation based (generalized) rough set. In particular, if the relation R is serial (or, inverse serial, reflexive, symmetric, transitive, a pre-order, etc.), then the rough set is called a serial (correspondingly, inverse serial, reflexive, symmetric, transitive, pre-order, etc.) rough set.
Proposition 1 [37] . In an approximation space (U, R), the approximation operators L = apr R and H ¼ apr R have the following properties for all X, Y # U:
where $X is the complement of X with respect to U.
Moreover, if R is serial, then If R is inverse serial, then
If R is reflexive, then
If R is symmetric, then
If R is transitive, then
The axiomatic approach for studying rough set theory is based on two unary operators satisfying some conditions on the power set of the given universe. By taking the operators as the approximate operators, one can determine a binary relation and furthermore, an approximate space and a rough set model. The following proposition lists such classes of conditions for determining different generalized rough set models.
Proposition 2 [37] . Let L be a unary operator on PðUÞ, and H the unary operator on PðUÞ defined by (U0). and (U7).
Some basic concepts of topology
The basic concepts of topology have been widely used in many areas. A point x of a set A is an interior point of A if A is a neighborhood of x, and the set of all interior points of A is called the interior of A. The interior of A is denoted by A o .
The closure of a subset A of a topological space ðU; T Þ is the intersection of the family of all closed sets containing A. The closure of A is denoted by A À .
A unary operator Int on PðUÞ is an interior operator on U if Int satisfies the following conditions for all A, B # U:
A unary operator Cl on PðUÞ is a closure operator on U if Cl satisfies the following Kuratowski closure axioms for all A, B # U:
Obviously, in a topological space ðU; T Þ the operator À : PðUÞ ! PðUÞ; A # A À is a closure operator on U, and the operator
It is well known that a closure operator Cl on U can induce a topology T such that in the topological space ðU; T Þ, Cl(A) is just the closure of A for each A # U. The similar statement is also true for an interior operator (see [27] ).
A topology T is called an Alexandrov topology if the set of open sets in the topology is closed for arbitrary intersections (see [33] , or [2, 9, 4] ); A topology T is called a clopen topology if every open set is also closed (see [7] ).
By Proposition 1 we can obtain the well known results [8, 5, 36] : if R is a pre-order on U, then the lower approximation operator L = apr R is an interior operator on U. Thus an Alexandrov topology can be induced by L. Similarly, the upper approximation operator H ¼ apr R is a closure operator on U, and an Alexandrov topology can be induced by H. This shows that there exist close connections between generalized rough sets and topology.
In a topological space ðU; T Þ, a family B # T of sets is called a base for the topology T if for each point x of the space, and each neighborhood X of x, there is a member V of B such that x 2 V # X. We know that a subfamily B of a topology T is a base for T if and only if each member of T is the union of members of B. Moreover, B # PðUÞ forms a base for some topology on U if and only if B satisfies the following conditions:
Also, a family S # T of sets is a subbase for the topology T if the family of all finite intersections of members of S is a base for T . Moreover, S # PðUÞ is a subbase for some topology on U if and only if S satisfies the following condition: If T 1 and T 2 are two topologies on U and T 1 # T 2 , then we say that T 2 is finer than T 1 .
Uniqueness of the binary relation in the axiomatic rough set theory
In this section, we discuss the uniqueness of the relation in the axiomatic rough set theory. Naturally, uniqueness problem is interesting and important. In order to solve this problem, we need the following two lemmas. Lemma 1. Let R 1 and R 2 be two binary relations on U. The following conditions are equivalent:
Proof (i) ) (ii). Suppose that (i) holds, i.e., R 1 # R 2 . Then for each x 2 U, we have ðR 1 Þ s ðxÞ ¼ fy 2 Vjðx; yÞ 2 R 1 g # fy 2 Vjðx; yÞ 2 R 2 g ¼ ðR 2 Þ s ðxÞ:
(ii) ) (iii). Suppose that (ii) holds, i.e., (R 1 ) s # (R 2 ) s . Then for each A # V, we have apr R 1 ðAÞ ¼ fx 2 UjðR 1 Þ s ðxÞ # Ag fx 2 UjðR 1 Þ s ðxÞ # Ag ¼ apr R 2 ðAÞ:
(iii) ) (iv). If (iii) holds, then we have apr R 1 ðAÞ ¼$ apr R 1 ð$ AÞ # $ apr R 2 ð$ AÞ ¼ apr R 2 ðAÞ: (iv) ) (i). Suppose that (iv) holds, i.e., for any A # V, apr R 1 ðAÞ # apr R 2 ðAÞ. If (i) does not hold, i.e.,
or equivalently, there is (x, y) 2 R 1 À R 2 , then y 2 ðR 1 ÞsðxÞ; y R ðR 2 ÞsðxÞ; hence x 2 apr R 1 ðfygÞ; x R apr R 2 ðfygÞ:
This contradicts the assumption, and the proof is completed. h
As a direct corollary of the above theorem, we have: Lemma 2. Let R 1 and R 2 be two binary relations on U. The following conditions are equivalent:
By the above two lammas, we can obtain the uniqueness of binary relation. Theorem 1. In Proposition 2(i) (naturally, also in (ii)-(vi)), the binary relation R is uniquely determined by L.
Correspondence between topologies and generalized rough sets
In this section, we investigate connections between topology and different generalized rough set theories based on various binary relations.
Let R be a binary relation on a given universe U. Set S R ¼ fR s ðxÞjx 2 Ug:
In the case when (U, R) is a classical approximation space, i.e., R is an equivalence relation on U, the following results are well known (see [1, 12, 13] ): (i) S R ¼ U=R is a partition base for some topology on U, i.e., S R is both a partition of U and a base for some topology on U;
(ii) T R is a clopen topology of U, i.e., members of T R are both open and closed; (iii) the topological space ðU; T R Þ is both regular and normal.
Topology vs inverse serial rough sets
First, let us consider the most general rough set theory in which R is a general binary relation.
Definition 3. Suppose that (U, R)
is an approximation space, if S R forms a subbase for some topology on U, then S R determines a unique topology on U. We call this topology the topology induced by R, and use T R to denote this topology.
A topology T is a Pawlak topology if this topology is induced by an equivalence relation on U (see [12, 13] 
This is the condition (S0). The equality (2) is true if and only if R is inverse serial. This observation gives a sufficiency and necessary condition which makes the family of subsets S R form a subbase for some topology on U. We summarize the fact by the following theorem. Remark 1. This theorem shows that the rough set theory based on an inverse serial relation is the weakest rough set theory in which S R forms a subbase for some topology. Lashin et al. [10] used S R as a subbase for some topology on U for each binary relation R on U. However, according to Theorem 2, if R is not inverse serial then S R cannot form a subbase for any topology on U since the necessary and sufficient condition (S0) or (2) for a subbase is not true.
For example, S R cannot form a subbase for any topology on U if R is the empty relation ; on U. Moreover, it is not very difficult to give an example in which the relation R is non-empty for the same end.
An interesting problem arises: Can two different inverse serial relations on U induce the same topology on U? The following example gives a positive answer (note: the following example is a simplification of the corresponding example of [10] 
Recently, Fan and Pei [3] constructed a new topology on U based on a general relation on U.
Theorem 3 [3] . Let R be a binary relation on U, and
Then T Ã R is a topology on U. In the following subsections, we shall prove that the topology T R is finer than the topology T Ã R , and give a condition under which the both are the same topology.
Topology vs reflexive rough sets
For reflexive rough sets, we first review the following conclusion:
Theorem 4 [7] . If R is a reflexive relation on U, then the family
It is obvious that the topology T K R is an Alexandrov topology on U. On relations between the three topologies T R ; T Ã R and T K R , we have the following two theorems:
Proof. Suppose that A 2 T K R , i.e., apr R (A) = A. In order to prove that A 2 T R it suffices to prove that
Conversely, for each x 2 B, there is y 2 A = apr R (A) such that x 2 R s (y). Since y 2 apr R (A) we have R s (y) # A, and this proves that x 2 A. h Remark 2. In the above theorem, T K R and T R are not equal in general since for each x, the equality apr R (R s (x)) = R s (x) does not necessarily hold. In fact, we only have the inclusion apr R (R s (x)) # R s (x). Theorem 7 shows that T R is finer than T K R . In the next section, we shall give a condition under which they are the same topology. This theorem shows that the topologies T Ã R and T K R are the same topology for reflexive rough sets. As a direct corollary, we get the conclusion that T R is finer than T Ã R if R is reflexive. To similarity rough sets, we mention the following results from Kondo [7] :
Theorem 7 [7] . Suppose that the relation R is a similarity relation, then the topology T K R is a clopen topology, i.e., each open set is also closed. Conversely, if a topology T on U is a clopen topology, then there exists a similarity relation R on U such that T ¼ T K R . This theorem shows that for similar rough sets, both the topologies T K R and T Ã R are clopen topologies. Thus we can construct a bijection between the set of all similarity relations on U and the set of all clopen topologies on U.
Topology vs pre-order rough sets
In the literatures, there have been some interesting results on the relation between topology and generalized rough sets when the relation R is a pre-order relation (see [2, 5, 8, 36] ).
Theorem 8 [36] . (I) If R is a binary relation on U, then the following conditions are equivalent:
(i) R is a pre-order relation; (ii) apr R is an interior operator on PðUÞ; (iii) apr R is a closure operator on PðUÞ.
(II) Let ðU; T Þ be a topological space. Define
then R T is a pre-order relation on U, and apr R and apr R are the interior and closure operators with respect to T , respectively. It is obvious that if R is a pre-order relation, then the topologies determined by S R , apr R and apr R respectively are the same Alexandrov topology. In addition, based on Section 3, we can prove that the pre-order relation R given by (II) of Theorem 10 is unique.
Theorem 9. If R is a pre-order relation on U then S R forms a base for some topology on U.
Proof. In order to prove that S R forms a base for some topology on U, it is only necessary to prove that S R satisfies conditions (B1) and (B2) of Section 2.
S R obviously satisfies the condition (B1) because R is a pre-order on U. It seems that R T R is the pre-order closure of R, i.e., the smallest pre-order relation containing R. However, the answer to this problem is negative. In fact, the problem has been solved by the following theorem.
Theorem 10 [3] . If R is an inverse serial relation on U, then R T R is the greatest pre-order relation included in R.
On the other hand, we have proved the following result:
Theorem 11 [3] . If R is a relation on U, then the relation R T Ã R induced by the topology T Ã R is the pre-order closure of R. According to Remark 2, generally speaking, for any reflexive relation R, T R and T K R (or, T Ã R ) are different. However, when R is a pre-order relation on U, then all three topologies agree.
Proof. If R is a pre-order relation on U, then the conclusion follows whenever R s ðxÞ 2 T K R , i.e., apr R (R s (x)) = R s (x) for each x 2 U. It is only necessary to prove that R s (x) # apr R (R s (x)) for each x 2 U.
In fact, if y 2 R s (x), then for each z 2 R s (y) we have z 2 R s (x) by the transitivity of R. This shows that R s (y) # R s (x) and y 2 apr R (R s (x)). h
We have pointed earlier that two different inverse serial relations may induce the same topology. But this cannot happen in the case of pre-order relations, as is illustrated by the following propositions. Lemma 4. Let R 1 and R 2 be two pre-orders on U. Then
Proof. Clearly, (ii) is a direct corollary of (i). We only prove (i).
For the necessity, suppose that R 1 # R 2 . In order to prove that T R 2 # T R 1 , it is only necessary to prove that ðR 2 Þ s ðxÞ 2 T R 1 for each x 2 U.
In fact, we have (R 1 ) s (x) # (R 2 ) s (x) for each x 2 U. For each y 2 (R 2 ) s (x), since R 1 is transitive, we have ðR 1 Þ s ðyÞ # ðR 1 Þ s ðxÞ # ðR 2 Þ s ðxÞ:
For the sufficiency, suppose that T R 2 # T R 1 , then cl 1 (A) # cl 2 (A) for each A # U where cl i (A) is the closure of A with respect to the topology T R i , i = 1, 2. Therefore, if (x, y) 2 R 1 , i.e., x 2 cl 1 (y), we have x 2 cl 2 (y), i.e., (x, y) 2 R 2 . h Moreover, we have the following:
Lemma 5. If R is a pre-order relation and T is an Alexandrov topology on U, then
Proof. (i) is obvious by Lemma 4. For (ii), since both topologies T R T and T are induced by the pre-order relation R T . Hence they are the same Alexandrov topology. h Based on the above theorem, we can easily prove the following result:
The following mapping is a bijection from the set of all pre-order relations on U to the set of all Alexandrov topologies on U:
Remark 3. Fan and Pei [3] gave a bijection between the set of all topologies satisfying the so-called (FC) condition and the set of all pre-order relations. This theorem gives a one-one correspondence between the pre-order relation based rough sets and Alexandrov topological spaces.
Moreover, if ðU; T Þ is a Pawlak topological space, then there exists unique equivalence relation R on U such that T ¼ T R . Thus we can establish a close connection between the classical rough sets and Pawlak topologies. Also, R is an equivalence relation on U if and only if S R forms a partition base for some topology on U.
As the end of this section, we can give basic properties of interior L = Int and closure operators H = Cl of various topological spaces corresponding to relation based rough sets. Indeed, these properties have been list in Propositions 1 and 2. For convenience, we shall list these properties in Table 1 .
Summary and conclusions
The following table gives a summary of relations between generalized rough sets and topology (where R* is the largest pre-order relation included in R).
In the above table the abbreviations ISR, SR, POR and ER stand for inverse serial relation, similarity relation, pre-order relation and equivalent relation respectively, and Int and Cl stand for the interior and closure operators of the corresponding topological spaces respectively.
Topology is a powerful mathematical tool to many applied areas such as computer science (see [28] ), fuzzy set theory (see [5] ) and rough set theory (see [25] ). In this paper we gave a detailed discussion of relation between rough set theory and topology. First, in the relation based rough set theory, we proved the uniqueness of binary relation determined by the socalled algebraic method. Then, we mainly considered three classes of rough set theories induced by inverse serial binary relations, reflexive relations and pre-order relations respectively, and investigated connections between these rough set theories and topology. We used the fact that the inverse serial relation based rough set theory is the most basic theory to induce a topology to show a mistake existing in a related literature. Another basic fact is that different relation based generalized rough set models induce different topological spaces. We proved that two interesting topologies corresponding to reflexive relation based rough set model given recently by the literatures are different, and gave a condition under which the both are the same topology. Furthermore we showed that for the pre-order relation based rough set theory three known topologies coincide. Some correspondences between generalized rough sets and topology are shown. There are still some interesting problems which need be further discussed. For example, how to find the concrete form of topology induced by inverse serial relations is a good topic to investigate. There are some problems about fuzzy rough set theory and fuzzy topology (see [26] ). The powerful topological tool can be applied to make more thorough studies on generalized rough set theory. Naturally, Similar to Skowron et al. [30] we should discussed the problem of attribute reduction in more general approximation spaces.
